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Abstract  

It is proved that canonical realizations of the Lie algebra C n in the quotient division 
ring. D 2(2n_)2 of the Weyl algebra W2(2n_)2 in 2n - 2 quantum canonical pairs are, 
m a definite sense, related to the standard minimal one in D2n c D2(2n_2). Further, 
in any realization of C n in W2(2n -1)  all Casimir operators are realized by multiples 
of identity element. 

1. Introduction 

The main purpose of  this note is to prove two assertions concerning the 
canonical realizations o f  the Lie algebra C n ~ sp(2n, C), n > 1, through 
rational functions or polynomials in a certain number of  quantum canonical 
pairs Pi and qi. More precisely we are interested in realizations of  Cn in the 
Wey algebra W2(2n_l) , i.e., through polynomials in 2n - t canonical pairs 
or in the quotient  division ring D2 (2n-  2) of  W2(2n_ 2), i.e., through rational 
functions in 2n - 2 canonical pairs. 

It is well known (Simoni and Zaccaria, 1969; Joseph, 1974) that canonical 
realizations o f  the Lie algebra Cn do not  exist in D2m if  m < n. If  m = n, all 
realizations of  Cn are related through an endomorphism of  D2n ("equivalent")  
to one standard realization r o and Casimir operators are realized by multiples 
of  ident i ty  element (we call such realizations Schur realizations). 

In this note we generalize the concept o f  related realizations and derive, 
first, a sufficient condit ion for realizations of  C n in D2m with any m > n to 
be related to the standard realization r 0 in D2n C D2m. In combinat ion wSth 
Joseph's result (Joseph, 1974) it gives our first result: Any  realization o f  Cn 
in D 2 (2n - 2) is relate d to r 0 in D2n C D 2 (2n-  2). As a consequence, the value 

© 1 9 7 7  P l e n u m  P u b l i s h i n g  C o r p . ,  2 2 7  West  1 7 t h  S t r e e t ,  N e w  Y o r k ,  N .Y .  1 0 0 1 1 .  T o  p ro -  
m o t e  f r ee r  access  to  p u b l i s h e d  m a t e r i a l  in t h e  sp i r i t  o f  t h e  1 9 7 6  C o p y r i g h t  L a w ,  P l e n u m  
sells r e p r i n t  a r t i c l e s  f r o m  all  i t s  j o u r n a l s .  This  ava i l ab i l i ty  u n d e r l i n e s  t h e  f a c t  t h a t  n o  p a r t  
o f  ~his p u b l i c a t i o n  m a y  be  r e p r o d u c e d ,  s t o r e d  in a re t r i eva l  s y s t e m ,  or t r a n s m i t t e d ,  in a n y  
f o r m  or b y  a n y  m e a n s ,  e l e c t r o n i c ,  m e c h a n i c a l ,  p h o t o c o p y i n g ,  m i c r o f i l m i n g ,  r e c o r d i n g ,  or  
o t h e r w i s e ,  w i t h o u t  w r i t t e n  p e r m i s s i o n  o f  t he  pub l i she r .  S h i p m e n t  is  p r o m p t ;  r a t e  pe r  
a r t i c l e  is $ 7 . 5 0 .  

877 



878 M. HAVLfCEK AND W. LASSNER 

of  every Casimir operator in any realization in D2(2n_2) is the same as in 
realization to,  which particularly means that all realizations of  Cn in 
D2(2n_2) are Schur realizations. Our second result is that this last property 
is conserved in W2 (2n-1), though there appear new realizations that  are not 
related to realization r 0 (Havlf~ek and Lassner, 1975). 

In the Conclusions we compare Cn, in this respect, with the remaining 
complex classical Lie algebras. 

2. Preliminaries 

A. In C n of  Cartan's classification of complex simple Lie algebras we 
choose a basis of  n(2n + 1) elements Xt3 ~ = - e ~ e ~  X2~ satisfying 

[X~% X~ ~] = 6~vX~ °~ - 66°~X~ ~ + e~ey~SX~_,~ + e ~ e v 6 ~ X J  

e,~ = sign (x a ,~ ,7 ,8  =_+1, - - -2 , . . . ,_n  

(2. t )  

B. A canonical realization of  a Lie algebra (associated algebra, quotient 
division ring) G is a homomorphism of G in the Weyl algebra W2N (i.e., in 
the complex algebra of  polynomials in 2N variables qc~, P~ satisfying 
[q~, q~] = [p~, p~] = 0 [q~, p~] = - 8 J  or in the associated quotient 
division ring D2N (i.e., in the rational functions in qa,  p~). For an exact 
definition and foundation of  D2N see Gelfand and Kirrilov (1966). 

A canonical realization of  a Lie algebra is called a Schur realization if any 
Casimir operator (i.e., any element from the center of  the enveloping 
algebra) is realized by multiple of the identity. 

Definition 1. Let realization 

r: G -~ D2n C D2n' 

of the Lie algebra G in the quotient division subring D2n of D2n' 
and realization 

r': G "+ D2n' 

be given, r '  is called related to r i.f.f, a realization 

O: D2n -+ D2n' 

exists such that 

I ~ 0  T = T  t 

This definition generalizes the concept of  related realizations introduced in 
our previous papers, i fD2n = D2n' we obtain the old definition of related 
realizations in the sense that r and r '  are said to be related iff either r is 
related to r '  or r '  is related to r. 
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3. Properties o f  Real izat ions o f  Cn in D2(2n_ 2) and W2 (2n- l )  

L e m m a  1. (i) The following formulas give a canonical realization 
% of the Lie algebra Cn in D2,,: 

% ( X i  i) = _.qjpi _ 1 6 / ~ ,  i , j  > 0 

= qopip -j ,  i > 0 , j < 0  

........ qolq._iqj,  i < O,j > 0 

i > 0  

i < 0  

i > 0  

i < 0  

r O ( Xn i) . . . . .  qop i 

= - q - i  

7"O(Xi n) = qol  qi(70(Xn n) + ~) 

= - ( % ( x n " )  - ~)  p - i  

(3.1) 

ro(X2 ~) = --qo 

ro(X~_~) = qffl (%(x ,  n) + ~)(To(X~") + ~) 

.co(Xn n)  = - q o p  ° - q " p 

where q "p = qop ° + • " " + q n _ t p  n - 1  and i ,] = - ( n  - 1), • • ", - 1 ,  1, 
• . . , n  - I .  

(ii) % is a Schur realization. 

It is straightforward to verify that the generators ~-o(Xt3 ~) from (3.1) obey 
the commutation relations (2.1) of  Cn. The realization (3.1) is a minimal one 
since only n canonical pairs occur and therefore it must be a Schur realization 
(see Joseph, 1974). 

If n' ~> n, the realization % can be defined in D2n'. We then without 
mention assume %(Cn) C D2n(q o, pO, . . ., q n - 1 ,  p n - 1 )  C D2n' where 
D2n(qo ' pO, . . . ,  q n - l ,  pn-1)  denotes the quotient division subring of  D2n' 
generated by the first n canonical pairs q o, pO , . .  -, qn-1 ,  p n - l .  The realiza- 
tion ro will be called the standard min imal  one. 

L e m m a  2. Let 7- be any nontrivial realization of  Cn with n ~> 2 in 
D2n', n '  ~> n, fulfilling the condition 

r{(X1 k + ~Stk)X~ n -- X#tXn k} = 0 (3.2) 

at least for one positive pair k, l = 1, 2 , . . . ,  n - 1. Then ~- is related 
to %, i.e., 0 o z o = r. The realization O: D2n -+D2n' is defined by 
the relations 

O(qk) = Qk,  0(t9 k) = 1~ 

O(qo ) = __T(Xnn), 0(100) = [T(2xnn)] -1 [T(Sn n) + Qk/4c](3.3) 

Ok = _T (X nk ) ,  e k  = [7(Xnn)] -1 ,r(XntC) 
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Proof  Let us for abbreviation write )(~a = ~-(X~a).^Note that,  owing to 
the simplicity o f  the Lie algebra Cn, X~  n = 0 implies X~ a = 0 for all c L 13, 
which is in contradict ion with the assumption of  nontriviality o f  ~'. Therefore 
~ffn is a nonzero  element of  D2n' and we can define 

pk = ( 2 g n ) - 1 2 n k  ' Qk = - X n  k k = 1 . . . .  , n - 1 

pO = ( 2 2 g n ) - 1  (2nn + Qkl~) ,  Qo = --Xn n (3.4) 

(summat ion over k) 

It is easy to prove, using commuta t ion  relations (2.1), that  they commute  as n 
canonical pairs, i.e., 

[pa ,Q¢]  = 8  ~, [Q,x,Q~] = [pa ,p~]  = 0 ,  a,  j3=O, I,  2 . . . . .  n -  1 

Further,  one can show that the rational functions 

YI k = f(l k +Qtpk +½8t k k , t  = 1 . . . .  , n -  I (3.5) 

~;-k = f(Tk + Qol QkQt (3.6) 

!~_1 = 2x_t - QoPX/~ (3.7) 

commute  as the generators o f  Cn-l: ,  
Condit ion (3.2) is equivalent to Y1 k = 0 and since Cn-1 is a simple Lie 

algebra it follows that 

I7~_t = 17[ k = IT"t k = 0 for all k, t = 1 , . . . ,  n - 1 (3.8) 

Thus from (3.5)-(3.7)  we get 

2/--  -ainu - ~8/, i , / > 0  

= QoP~P -/, i > O, j < 0 

- a o l Q _ i Q ] ,  i < 0 , ] >  0 
Further,  (3.4) yields 

f(n i= - Q o  Pi, i > o 

- Q - i ,  i < o  

k n  n = _Qo P°  - Q . e 

where Q .P = Qo P °  + -" • + Q n _ I P  n-1. 
Now we show that condit ion (3.8) implies 

f f n k  = _  ( X  n .  _ 1 ) p k  k = 1, 2 , . . . , n -  1 

Consider condit ion (3.8) Yk_t = 0 especially for k = l. 
Then f '~k = 0 gives, owing to (3.7) and (3.4), 

2£nXk_k = -- x n k  f(n k k > 0 (no summat ion!)  

(3.9) 

(3.1o) 

(3.11) 

(3.12) 

(3.13) 
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when the commutator  [Xn_n, .] acts on this equation one gets 

2 2 n n 2 ~ k  = 2neJ~n k + Jfff.Sfn_k 

and rewriting the right-hand side we obtain further 

2fifnn2tck = 2~-1c2n lc + [Xn k, ~ - k ]  = 22n--kfgn k + 2e-k 

which implies 

2 n k  = (2n n - 1 ) ( ~ k ) ( 2 f f ) - I  

(Note that Xn k 4= 0 for the same reasons as ~ n  n ¢ 0.) Thus, if we substitute 
2~k  by (3.9) and Xn k by (3.10) we find the desired expression (3.12). The 
generators (3.9)-(3.12) are a generating set in the Lie algebra Cn, i.e., the 
remaining generators can be computed as commutators of  these. 

It follows from the commutation relation o f P  ~ and O~ that the mapping 0 

O(qc~) = Oc~ 
c~=0, 1 . . . . .  n - 1  

O(p ~) = p ~  

defines a realization ofD2n = D2n(qo, pO . . . .  , q n - t ,  pn -1 )  in D2n'. A com- 
parision with (3.1) shows that 0 o r0 = r holds for the generating set of  
generators of  C,, (3.9)-(3.12) and therefore this must be true for the whole 
algebra Cn. 

Corollary 1. If for a nontrivial realization r of  Cn, n >i 2, in D2n', 
n' t> n, condition (3.2) is fulfilled, then for any Casimir operator 
z o f  G 

r(z )  = ro(z )  = % 1, % e  C 

i.e., r is a Schur realization and the realization of  any Casimir 
operator of  C n has the same eigenvatues as in the standard minimal 
realization r o. 

Proof. The realization r 0 is a Schur realization, i.e., ro(z ) = % {. The 
relation r = 0 o ro gives 

~(z) = o [%(z)] = o(~z ~ ) = ~ o(~ ) = c~ 

because 0(3 ) = ~. 

Theorem 1. Let r be any realization of  Cn, n ~> 2, in D2n' , 
n ~ n' ~< 2n - 2. Then r is related to %, i.e. r = 0 o 7o, where 0 is 
given by equation (3.3). r is a Schur realization and any Casimir 
operator has the same eigenvalues as in the standard minimal 
realization r 0. 

Proof. Theorem 1 follows from Lemma 2 if we show that for any 
realization r of  Cn in D2n', n ~< n' ~< 2n - 2 the condition (3.2) is fulfilled. 
To show this, assume, on the contrary, that (3.2) does not hold. As equation 
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(3.2) is equivalent to equations (3.8), it means that all the generators 
(3.5)-(3.7) of  the simple Lie algebra Cn-i are different from zero. Thus 
according to (3.4) we can define n - 1 new canonical pairs 

/3r -r 0r ^ - "  
= = - Y n - 1  

13o = [e IT-n--(_n-O ] - ,  (I/~n--I + Or/3r), Qo = - I;'n-(-nl-1) (3.14) 

r = 1,2 . . . . .  n - - 2  

Since it can be verified that the ~ji and therefore the canonical pairs Qp, 
pa  commute with all Qa, pt~ defined by equations (3.4), we would have in 
D2n, , n ~< n' ~< 2n - 2, 2n - 1 canonical pairs. But this is impossible as in 
D2n' there do not  exist more than n' canonical pairs (see Joseph, 1974). 
Therefore condition (3.2) must be fulfilled and we use Lemma 2 and 
Corollary 1. 

Now we enlarge the number of  canonical pairs to 2n - 1 and restrict 
ourselves to the Weyl algebra W 2 (2n-1). 

Theorem 2. Any realization r of  the Lie algebra Cn in the Weyl 
algebra W2(2n_ O is a Schur realization. 

Proof. For n = 1 the realization r is minimal and therefore a Schur 
realization (Joseph, 1974). For n ~> 2 we first choose 2n - t commuting 
elements from the realization 7-(UCn) C W2(2n_l) of  the enveloping algebra 
UC n. In notation from Lemma 2 and Theorem 1 they are 

Qo, QI . . . .  , a n - I  

[see equation (3.4)] and 

QoQo, Qo01, . .  ", QoOn-2 

[see equations (3.14) and (3.6)]. Adding realization r(z) = Z of  any Casimir 
operator z, we obtain 2n commuting elements from W 2 ( 2 n _ l ) .  In  accordance 
with Joseph's result (Joseph, 1972, Theorem 3.3) only two possibilities can 
arise: (a) Either some of  the 2n elements considered are realized by multiple 
of identity element; or, (b) if (a) does not  hold, a (finite) set of  nonzero 
complex numbers {o~ik l} c C exists such that 

o~iklQi(aoO)k Z l= 0 ( 3 . 1 5 )  
ikl 

Here the multi index notation is used, i.e. 

o t i k l a i ( a o O ) k z  l = o~io . . . . .  in_  l, ko . . . . .  kn 2,1Q~ ° ' ' "  ainn_~lX(aoao)k° 

"'" (QoOn- 2) kn - 2ZI 

We exclude the second possibility. For this we consider W2(2n_l ) embedded 
in its quotient division ring D2 (2 n-1) ,  where canonically conjugate variables 

0 n 1 O n 2 p . . . . .  e - ,/3 . . . .  ,/~ - exist [see equations (3.4), (3.14), (3.5)-(3.7)].  
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By means of  multiple commutat ion  of the variables p a  and/3p with equation 
(3.15) we easily obtain 

Olikl z l  = 0 
I 

for all i and k considered. A nontrivial polynomial 

pik(Z) = ~ aiklZ I, ~ikZ ~ 0 
I 

in one variable Z can be written as the product 

pik(z) = 17 ( z -  & )nr = 0, G C C 
r 

from which, as W 2 ( 2 n _ l )  does not  contain a nontrivial divisor of  zero, we 
obtain 

z=G  

for some r. This contradicts, however, the assumption that (a) is not  valid. 
So, the possibility (b) is excluded and we discuss the possibility (a). I f  some 
of  the elements Qo = - x n n ,  . • . ,  Q n - 1  = -- f (n  - ( n - l )  are multiples of  identity 
then commutat ion relations (2.1) give immediately that  such Q are equal to 
zero. It implies, owing to simplicity of  the Lie algebra Cn, that all g~nerators 
2 t ~ a r e  zero, i.e., the realization is trivially a Schur realization. If some 
QoQo . . . .  , Q o Q n -  2 is a multiple of  identity, i.e., if 

for some k = I . . . . .  n - 1, commutat ion relations w i t h P  ° give ~nX__a = 0. 
The simplicity of  the Lie algebra C n _ l  generated by the I?'s leads to ~/i = 0 
for all i , ]  = +1 . . . . .  + (n - 1) so that  condition (3.2) is fulfilled and I_emma 
and Corollary 1 can be applied. 

So in all cases admissible by possibility (a) the realization r is a Schur 
realization and proof  is completed. 

4. Conc lus ion  

Denote by nmi n the minimal number of  canonical pairs such that non- 
trivial realization of  a given Lie algebra exists in D2nmi n. The values for the 
four series of  complex simple Lie algebras are given as follows (Joseph, 1974): 

A n  B n ,  n > 1 C n D n ,  n > 2 

nmin n 2n -- 2 n 2n -- 3 

Denote further by krnax such a maximal integer that all realizations in 
[412 (nm in + kmax) of  a given Lie algebra are Schur realizations. For classical 



884 M. HAVL(~EK AND W. LASSNER 

Lie algebras kma x exists and is given as follows: 

An Bn, n >  l Cn D n , n >  2 

kma x 0 1 n - 1 1 

As to kma x fo rA  n see (Simoni and Zaccaria, 1969; Joseph, 1974; Havlfeek 
and Exner, 1975) for gn andDn; equali ty kma x = n - 1 for the Lie algebras 
Cn is proved just  in the present note.  Maximali ty of  kma x follows from the 
existence of  one-parameter sets o f  realizations in 14/2(nmin + kmax) with 
Casimir operators  depending on this parameter  (Simoni and Zaccaria, 1969; 
Joseph, 1974; Havli6ek and Lassner, 1976. b; Havli~ek and Exner, 1975): 
Substituting this parameter by qnmin + kmax + 1 from the new pair 
qnmin + kmax + 1, Pnmin + kmax + 1 we obtain non-Schur-realizations in 
W2(nmin + kmax + 1). The second set o f  values above shows the remarkable 
distinction, as to  kmax, between Cn and the other  classical Lie algebras; 
realizations of  C n in D2(2n-2), however, remain still related, in the sense 
of  Definition 1, to the standard minimal one. 
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